The leverage effect is one of the most relevant stylized facts to modelling time-varying financial volatility because the effect that negative returns has on volatility is different to that produced by positive returns. For this reason, this paper focuses on two goals: (i) to analyse the main stylized facts of volatility using 20 indexes from the most important stock markets in Asia, Europe, North America and South America in the sample period, namely between January 3, 2000 and February 4, 2014; and, (ii) to estimate conditional heteroskedasticity using the classic econometric models typically used for this purpose (AGARCH, GJR-GARCH, EGARCH, APARCH) along with the symmetric (ARSV) and asymmetric (TA-ARSV) stochastic volatility models, and then to compare their results to determine which model best explains the main stylized facts of financial returns. The results show, on the one hand, that financial returns have the same characteristic features, regardless of the particular stock market and, on the other hand, that the TA-ARSV is the best model to explain the stylized facts.
Volatility is one of the most important variables in financial markets because it provides an important input for portfolio management, option pricing and market regulation. Volatility is also related to the risk in this type of markets and for this reason, investors need to have as much information as possible in order to make decisions that provide them with the best results, especially in the current fluctuating market.
However, volatility is one of the most controversial variables in the financial literature and for this reason an increasing number of volatility models have been developed since Engle first proposed the ARCH model in the early 80's. These models try to explain the dynamics of volatility and their stylized facts.
There are several studies related to the stylized facts of returns; Granger and Ding (1995) and Granger et al. (2000) listed a number of them. One of them, the socalled Taylor effect, was also researched by He and Teräsvirta (1999) , as well as Malmsten and Teräsvirta (2004) . For a series possessing this stylized fact, the autocorrelations of absolute values are raised to a positive power, peaking when the power equals unity. Another common observation is that the return series have high kurtosis and, at the same time, the autocorrelation coefficients of squared observations are low. This stylized fact and its presence in high-frequency financial series were discussed in Teräsvirta and Zhao (2007) and in Malmsten and Teräsvirta (2004) .
In recent times, Kim and White (2004) considered robust measures of skewness and kurtosis for return series. Their conclusion was that the stylized facts of negative skewness and high kurtosis in these series, as compared to standard skewness and kurtosis estimates, may be too readily accepted. They recommended the use of robust measures instead. This paper, in keeping with the aforementioned authors, reconsiders stylized facts using robust measures of kurtosis and autocorrelation, and studies both the Taylor effect and the kurtosis-autocorrelation relationship.
Although the statistical properties of stock and commodity prices and market indexes have been studied using data from various markets and instruments for more than half a century, the availability of large data sets of high-frequency price series and the application of computer-intensive methods for analysing their properties have opened up new horizons to empirical finance researchers in the last decade, and have contributed to the consolidation of a data-based approach in financial modelling. The study of these new data sets has led to the settling of a
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number of long-standing disputes regarding the nature of the data, but at the same time it has also generated new challenges, not least of which is to be able to capture, in a synthetic and meaningful fashion, the information and properties contained within this huge amount of data. A set of properties, common across many instruments, markets and time periods, has been observed by independent studies and classified as 'stylized facts'. The aim of the present paper is to focus more on the properties of empirical data than on those of statistical models, and introduce the reader to some new insights provided by methods based on statistical techniques that have recently been applied to empirical finance.
The property of asymmetry is most notable in equity returns, and refers to the fact that there tend to be greater increases in return volatility following negative return shocks than positive ones. This was first noted by Black (1976) , who argued that negative return shocks increase financial leverage, implying a riskier return on equity given an unchanged stream of cash flows.
In this paper, we explain the main stylized facts of financial returns in the most important American, Chinese and European financial markets, and we focus on one particular fact, known as "leverage effect" in the financial literature.
To explain the leverage effect, or the asymmetric pattern of volatility (good and bad news have different effects on conditional variance), we contribute to the literature with a threshold asymmetric autoregressive stochastic volatility model (TA-ARSV). This model was initially proposed by So et al. in 2002 and later developed by Garcia and Minguez in 2009. The TA-ARSV model adds two new parameters to the ARSV model, measuring the effect of positive and negative returns on volatility. Among other advantages, the TA-ARSV model does not require the assumption of correlation between the innovations of the returns and volatility equations to capture the leverage effect, as other ARSV models do. The strength of our proposed strategy to explain the aforementioned stylized fact for electricity prices or pollution levels, was empirically demonstrated by Montero et al. (2011) . This paper compares the results obtained by TA-ARSV with ARSV and traditional asymmetric GARCH models for 20 financial index returns. As expected, the results confirm that for financial returns, the TA-ARSV model is more effective than the other competing models.
This paper is structured as follows. Following on from introduction, Section 2 shows the data and some descriptive statistics. Section 3 analyses the main stylized fact of 20 different indexes from several countries around the world. Section 4 defines four asymmetric GARCH models and two stochastic volatility models. Section 5 explains the main results and section 6 provides some concluding remarks.
I 2. Data
The data considered in this paper consists of index data for the most important markets in the world. Specifically, we used the following 20 indexes: Dow Jones, Nasdaq 100, Nasdaq Composite and S&P 500 (United States); Bovespa (Brazil); Merval (Argentina); NIKKEI (Japan); HJI, SHCOMP, SHSZ300 and SZCOMP (China); PSI (Portugal); IBEX35 (Spain); FTSE (UK); MIB (Italy); CAC (France); SWISS (Switzerland); DAX (Germany); AEX (the Netherlands) and EUROSTOXX50 (SX5E) from 12 Eurozone countries (Austria, Belgium, Finland France, Germany, Greece, Ireland, Italy, Luxembourg, the Netherlands, Portugal and Spain).
The data of indexes were downloaded from Bloomberg 1 and for all indexes we considered the daily closing value. The sample period analysed for these data is from 03/01/2000 to 04/02/2014.
Returns (Y t ) are calculated as first difference of natural logarithm of price indexes in two consecutive trading days, that is,
where I t is the value of the index at time point t.
To analyse certain characteristics of the 20 return series, some descriptive statistics appear in Table 1 . These descriptive statistics confirm that the mean is statistically zero in all cases. The biggest standard deviation is for the majority of indexes from USA and South America. All returns exhibit an excess kurtosis (this implies that all of them have leptokurticity).
There is a negative skewness in the majority of indexes, except in the following five cases: CAC, IBEX35, Nasdaq 100, Nasdaq Composite and SX5E (where positive skewness is observed). This indicates that the returns distribution is not distributed normally. Indeed, the Jarque-Bera test for normality shows the rejection of normality for all returns at the 5% significance level.
Finally, the Ljüng-Box Q test on the squared return series for 10 th and 20 th order serial correlation rejects the null hypothesis; this implies that the stochastic volatility models are needed to explain the behaviour of this type of series. It is also worth noting that the daily swings can be quite substantial, exemplified by the values on the minimum and maximum observations.
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I 3. Characteristics of stock market indexes returns
The financial index returns have similar empirical stylized facts regardless of the stock market analysed, see Cont (2001) , Takayasu et al. (2006) . These characteristics are:
Absence of autocorrelations:
Returns are uncorrelated because the autocorrelation function (ACF) frequently has no significant coefficients. We will illustrate this, in Figure 1 , with the ACF of the four index returns: SHCOMP, BOVESPA, MIB 30 and NIKKEI.
I Figure 1 . ACF of returns
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Returns are not independent because their non-linear transformations are positively correlated, that is the reason why the autocorrelation functions report significant squared returns, as can be seen in Figure 2 . This implies correlation of the volatility of the returns among different periods. Also, these correlations are positive in all returns, which means that volatility has a pattern of behaviour and can therefore be modelled.
I Figure 2 . ACF of squared returns
Slow decay of autocorrelation in asset returns:
As a function of time lag, effect as measured using squared returns slowly decays. This is sometimes interpreted as a sign of long-range dependence or persistence in volatility, Ding et al. (1993) as can be seen in Figure 2 in the squared returns of SHCOMP and MIB 30.
I Figure 3. Returns of different indexes
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4. Volatility Clustering: Meaning that conditional variance is not constant, since some periods with high variability alternate with periods with low variability, see Figure 3 . 5. Returns oscillate around a constant low level close to zero, see Figure 3 and Table 1 .
Heavy tails:
The unconditional distribution of returns displays a power-law tail gain/loss asymmetry: Large downward movements are more frequent than equivalent upward ones. This means that the returns are not normal, see Figure 4 and Table 1 .
I Figure 4 . Histogram and QQ-plot of different indexes returns
7.
Returns are leptokurtic, and with heavy tails due to extreme values. 8. Aggregational Gaussianity: As one increases the time scales over which the returns are being measured, the probability distribution of returns tends towards a Gaussian distribution. But, the distribution of returns is not the same for different time scales. This implies that when we compare the distribution of daily returns with monthly, quarterly or annual returns, we observe that the last ones are more similar to a Normal distribution. 9. Intermittency: Presence of "irregular bursts" in time series at both fine/coarse time scales. 10. Volume/volatility correlation: Trading volume is correlated with all measures of volatility. 11. Taylor effect. In 1986 Taylor observed that the empirical sample autocorrelations of absolute returns,|Y t |, are usually larger than those of squared returns, Y 2 t , see Figure 5 .
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I Figure 5 . ACF of absolute value returns and squared returns
12.
Leverage effect: Most measures of volatility and asset returns are negatively correlated with asset returns. This can be done in various ways, and two possible ways would be to: a) to look at the 'spot skew' from the options data; b) to show that asymmetric GARCH provides a better fit than a simple GARCH.
These stylized facts show that the behaviour of volatility presents certain regularities and we can therefore model the dynamics of volatility. In this case, our interest focuses on determining if the pattern of volatility for positive and negative shocks of the same magnitude is different. Consequently, the next section proposes a different model to capture a potential leverage effect in volatility.
I 4. Model framework
To date, the ARCH and GARCH framework by Engle (1982) and Bollerslev (1986) , stands out as the single most important tool when it comes to understanding and modelling the dynamics of financial volatility. Since the birth of the basic models, the literature has exploded with variety of different extensions primarily designed to cope with the stylized facts, see Harvey and Shephard (1996) , Andersen et al. (2003) .
There are many models used to investigate the dynamics of volatility. This section focuses on certain models to explain the potential asymmetry in volatility. The asymmetry property is most notable for equity returns and it refers to the fact that volatility tends to increase more following negative return shocks than positive ones. Several alternatives for incorporating asymmetric effects have been proposed in the literature.
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The asymmetric GARCH model (AGARCH) of Engle and Rothschild (1990) was one of the first asymmetric models. Another commonly employed alternative that includes asymmetry is the exponential GARCH (EGARCH) model of Nelson (1991) . The most popular one appears to be the asymmetric threshold GARCH (GJR-GARCH) of Glosten et al. (1993) and Zakoïan (1994) and the asymmetric potential GARCH model (APARCH) of Ding et al. (1993) . However, the stochastic volatility model is another type of model used to estimate the leverage effect in volatility. One of the most important models is the threshold asymmetric autoregressive stochastic volatility model (TA-ARSV) of So et al. (2002) and Garcia and Minguez (2009) . This model is a generalization of the autoregressive stochastic volatility model developed by Taylor (1986) . These six models are compared to select the best model to describe the characteristics of volatility.
All these models have the same mean equation:
where Y t are the daily returns of the corresponding stock exchange index under consideration, 2 t represents the conditional variance, and t the innovations, which are independent and follow a Gaussian distribution with zero mean and unit variance.
Although the above-mentioned models have a common mean equation, they differ in the conditional variance specification. In light of both the autocorrelation and partial autocorrelation functions of returns, we propose to explain the dynamics of index returns volatility using AGARCH(1,1), GJR-GARCH(1,1), EGARCH(1,1), APARH(1,1), ARSV(1) and TA-ARSV(1). The specification of the conditional variance in the abovementioned models is reported in Table 2 .
G Table 2 . Models for the specification of the conditional variance
Models
Conditional variance equation
The leverage effect is estimated with different parameters in the proposed models. For example:
G is the parameter in the AGARCH model to account for the asymmetric behaviour of the volatility. If is significant and not equal to zero then the leverage effect exists. Some restrictions are incorporated into the parameter of the model because the volatility needs to be positive. These restrictions are: 0 >0, 1 ≥0, ≥0 and 1 + <1.
G d t-1 is the variable incorporated into the GJR-GARCH model. This variable is defined as follows:
, where, in the market, the good and bad news are represented by t-1 ≥0 and t-1 <0, respectively. Thus, 1 is the effect on volatility in case of good news and ( 1 + ) is the impact on volatility of bad news. In these two specifications 0 is positive and both 1 and are nonnegative (to guarantee a nonnegative variance). Moreover, the condition 1 + < 1 is satisfied to ensure the stationarity of process Y t .
G is the parameter in the EGARCH model used to explain the leverage effect. This model has been expressed in logarithmic form in order to guarantee a positive variance without imposing the typical constrains of parameters: w > 0, ≥ 0, ≥ 0 .
In this model, ( + ) is the effect on volatility when the returns are positive in a previous period, whereas ( -) is the corresponding effect when y t-1 < 0.
G is the parameter that reflects the leverage effect in the APARCH model. A positive (respectively negative) value of the means that past negative (respectively positive) shocks have a deeper impact on current conditional variance than past positive shocks. The parameter ( > 0) plays the role of a Box-Cox transformation of the conditional standard deviation t .
G The ARSV (1) is not an asymmetric model but it is important because the TA-ARSV model is a generalization of it. In this model, t = * exp(0.5h t ), where h t is the logvolatility, h t = log( 2 t ), and * is a positive scale factor in the mean equation to avoid including a constant in the log-volatility equation. t is a white noise process and follows a Gaussian distribution with zero mean and variance 2 . Both t and t are independent, E( t , t )=0, At, s. This way of specifying the conditional variance guarantees a positive variance.
We introduce the TA-ARSV(1) model in this paper to describe the dynamics of the volatility in the series of indexes returns. The mean equation is defined as in the ARSV(1) model, but the way of specifying the conditional variance is different.
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1 when the return is zero or positive 0 otherwise 1 when the return is negative 0 otherwise Therefore, in this model the volatility is defined as an exponential function. Thus, the model is not linear. However, for estimation purposes, it can be expressed in a linear form by squaring the mean equation and taking logarithms. Following Sandmann & Koopman (1998), we express the specification in a space state form to obtain the following linear model:
where Y t =log( 2 t ) and
2 )
The unknown likelihood function of a TA-ARSV(1) model, which is a non-Gaussian model, was evaluated by using the Monte Carlo method, approximating the non-Gaussian model by importance sampling -see , Sandmann and Koopman (1998) .
The estimation of the parametric vector ( 11 , 12 , * , 2 ) requires the following algorithm:
a)An approximated Gaussian model is obtained from an initial vector of parameters of the model. The initial values of the parameters are estimated from the available information for each return. b)The Gaussian likelihood function for the approximated model is calculated using the Kalman filter.
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Finally, the parametric vector that maximizes the simulated likelihood function is obtained by using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method, a wellknown method for solving unconstrained Nonlinear optimization problems.
The leverage effect is checked by testing the null hypothesis: H 0 : 11 = 12 (ARSV model) versus the alternative one: H 1 : 11 ≠ 12 (TA-ARSV(1) model). Since the null and the alternative hypotheses refer to two nested models, this strategy allows for the implementation of a likelihood ratio test, the test statistic being = -2(log L R -logL), which follows (under the null) a chi-squared distribution with one degree of freedom.
If the null hypothesis is not rejected, then there is no evidence of the leverage effect on volatility. In such a case, the ARSV(1) model might be preferred. On the other hand, the rejection of the null hypothesis suggests that the effects of positive and negative shocks on the dynamics of volatility are different.
The estimation procedure for the TA-ARSV(1) model was developed by the authors using Ox 4.1 programming language and SsfPack 2.3.
I 5. Empirical evidence
The results obtained for the returns of the 20 indexes and the six different models estimated are shown in Tables 3, 4 , 5, 6 and 7.
As we can see in Table 3 , the estimation of AGARCH (1,1) model shows that the leverage effect exits in all cases except in two Asian indexes, SHSZ300 and SZCOMP, where the parameter is not statistically significant at the 5% significance level. This parameter is positive in all cases, which implies that the influence on volatility of negative returns is greater than that of positive ones.
Also, the highest value of the parameter is found for South American indexes (BOVESPA and MERVAL) and the lowest for PSI (Portugal) and SHCOMP (China). In the case of European indexes, the leverage effect is higher in the indexes from the North of Europe (CAC and DAX) than the South (MIB 30). The asymmetric pattern of North American indexes is high and closer to South American ones.
The estimated persistence ( + ) is close to one in all cases but the process is stationary. This implies that if volatility is high in one period, it will be high in the next period as well.
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G Table 3 . Estimated results with an AGARCH(1,1) t-value is in parentheses.
As can be seen in Table 4 , the GJR-GARCH (1,1) model is able to detect the leverage effect for all indexes (except SHSZ300 and SZCOMP) because at a 5% significance level the parameter is positive and statistically significant. This implies that negative returns exert a greater influence on volatility than positive ones.
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G Table 4. Estimated results with a GJR-GARCH(1,1)
t-value is in parentheses.
The estimated persistence ( + ) is close to one in all cases but the process is stationary. This implies that when volatility is high in one period, it will be high in the
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As can be seen, the EGARCH (1,1) model is able to detect the leverage effect in all cases except in three Asian indexes, HSI, SHSZ300 and SHCOMP because at a 5% significance level, the 1 parameter is not statistically significant. In all cases, this parameter is negative, see Table 5 . This implies that negative returns exert a greater influence on volatility than positive returns.
Moreover, the highest values of the 1 parameter are for European and North American indexes while the lowest are for South American and Asian indexes. Persistence is high in all indexes which implies that if volatility is high in one period, it will be high in the next one too.
G Table 5 . t-value is in parentheses.
G Table 6 . Estimated results with an APARCH(1,1)
As can be seen in Table 6 , the estimation of the APARCH (1,1) model shows no converge in the estimation of the following twelve indexes: AEX, CAC, DAX, DJI, FTSE, IBEX, MIB 30, NASDAQ 100, NASDAQ COMPOSITE, SPX, SWISS and SX5E. In the remaining indexes, the leverage effect exits except in the BOVESPA index because at
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G Table 7 . The estimated results with TA-ARSV and ARSV
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A E S T I M AT I O The 12 parameter is greater than the 11 parameter. This means that volatility is higher after negative returns than after positive ones. In each regime, persistence is measured with the 11 and 12 parameters. Both are always lower than one, which implies that the estimated process is stationary in all cases. The stationary problem can arise when using a model belonging to the asymmetric GARCH class, but this never occurs with a TA-ARV model. Moreover, the persistence is lower than the persistence estimated using other asymmetric GARCH models.
Volatility must be estimated properly and for this reason an appropriate model, such as TA-ARSV, should be used. Figure 6 shows the estimated volatility with different asymmetric models. In this case, we can observe that volatility varies from one model to the next. The AGARCH model shows the greatest difference in the estimations of volatility irrespective of the time. The estimations of volatility are more similar with the other asymmetric volatility models.
Moreover, we can overestimate or underestimate volatility depending on whether we are in a period of stability or instability, respectively. This might happen when we use an ARSV model, see figure 7 where the differences between ARSV and TA-ARSV model are calculated for FTSE, SPX and SHSZ300.
I Figure 6. Estimated volatility with different Asymmetric Models for HSI index
In the same way, we can say that the TA-ARSV(1) model provides better results than other models because the log-likelihood value is the best, see Table 8 .
G Table 8 . Log-likelihood estimated with different models An important variable in the behaviour of financial returns is volatility. Volatility is a measure of risk in the financial market and it is also non-observable. This paper focuses on two main points: firstly, a summary is provided of all the available statistical information about financial returns of different indexes in the world, together with the stylized facts, through statistical measures and econometric models; secondly, this prior information is used to determine which is the best model to explain the dynamics of volatility. To this end, we have used the ARSV and five asymmetric models: the AGARCH, the GJR-GARCH, the EGARCH, the APARCH and the TA-ARSV. These models allow us to obtain estimations of volatility and some of its stylized facts over the sample period, such as the leverage effect and the persistence in volatility for 20 indexes in the most important markets in the world.
The leverage effect exists in all analysed indexes according to the results obtained using the TA-ARSV(1) model. The AGARCH, EGARCH GJR-GARCH are not able to detect the asymmetric behaviour in the SHSZ300 and SZCOMP indexes and the EGARCH model fails to detect it in the HSI index. The APARCH model does not compute estimations for 12 indexes (American and European -except PSI). For these reasons, the TA-ARSV model is an effective model for estimating the leverage effect in different indexes around the world since it detects this stylized fact in more cases than the majority of the asymmetric GARCH models.
If the leverage effect exists, then volatility will be higher in the negative returns than in the positive ones. Moreover, TA-ARSV, EGARCH and GJR GARCH models show that the estimated asymmetric parameter is lower in the South American and Asian indexes than in the American and European ones for the analysed sample period.
On the other hand, all the models identify persistence in volatility for the analysed indexes. In most cases, this persistence is caused by volatility clustering. Furthermore, in all indexes analysed, the models estimated are stationary in covariance. The stationary problem can, however, sometimes arise when using a model belonging to the asymmetric GARCH class, something that never occurs with a TA-ARSV model. Furthermore, the estimated volatility is higher (in the same cases) for the asymmetric GARCH models than for the TA-ARSV model, because the former are more sensitive to the outliers and might overestimate the volatility. However, the asymmetric GARCH models and the symmetric volatility models are, to date, the most commonly used in the stochastic volatility literature. For this reason, it is essential that volatility is properly estimated using a model such as TA-ARSV, because otherwise we may over-or underestimate market risk.
